Algebra: Chapter - 1
Binary composition: A binary composition is a mapping from S x S — S

Fora,b,c €S, (a, b);c , Where * is a given binary composition.

Example: LetS = 7,2,3 € Z, (2,3)>5

Example: Let S = 7,2,3 € 7, (2,3)>6

Example: LetS =7,23 €Z, (2,3)—+>2/3 ; thus, division is not a binary composition on Z.

A binary composition * defined on a set S = The set S is closed under the binary composition *
A binary composition * is commutativeon Sifa*b =b *a, Va,b € S

Example: + is commutative on ZsinceVa,b € Z, a+ b =b + a

A binary composition * is associative on S if (a * b) xc = a* (b xc), Va,b,c €S
Example: + is associative on Z since Va,b,c €Z, (a+b) +c=a + (b +¢c)

A binary composition * defined on a set S.
If de €S, s.t.axe=ex*xa=a, Va €S, eis the Identity Element.

Example: 0 is the identity elementw.r.t. +inZ, s.t. a+0=0+4+a =aVa € Z.

A binary composition * defined on a set S and let e be the identity element.
If foreacha € S, 3b € S,suchthata*b =b xa = e.
Then b is called the Inverse of a with respect to the binary composition *.

Example: Givena € Z, 3 — a € Z, such that, a + (—a) = (—a) + a = 0. Then —a is the inverse of a with
respect to addition.

Algebraic system: A set along with a binary composition, define an “Algebraic System”.
Groupoid: Most basic algebraic system. (S,) is a groupoid if the binary composition * is defined on S.
Semigroup: A groupoid (S,*) is a semigroup if * is associative.
Monoid: A semigroup (S,%) is a monoid if 3 identity in S with respect to binary composition *.
Group: A monoid (S,*) is a group if each element of S has an inverse in S with respect to *.
Example: (Z,+) is a groupoid as Z is closed under +.

(Z,+) is a semigroup as + is associative.

(Z,+) is a monoid as 0 is the identity of Z w.r.t. +.

(Z,+) isagroupasforeacha € Z — a € Z.

Properties of a Group:

1. Closure; 2. Associativity; 3. Existence of Identity; 4. Existence of Inverse.

Abelian Group: Let (G,*) be a group. If * is commutative then (G,*) is called a commutative/ abelian group.
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Basic Properties:

A group has unique identity

Let (G,*) has two identitiese,f EG 2> a*xe=exa=a,Va€G and axf=f*a=a,Va€EG
Thenexf=f & exf=e =e=f.

Each element has unique inverse in a group

12

Leta € G hastwo inversesa’'& a'’; then a*a' = a’' *a = e (identityof G) anda*xa” =a' *a=-e
li

Hence, (@' xa) *a” =a’' *(a*xad")=>a" =a'.

In(G*), a*xb=axc=b=c,Vab,c€G|Left Cancellation Law |
bxa=c*a= b=c Va,b,c € G| Right Cancellation Law |

Sincca€EG=>a1e€G& (atxa)xb=(a"!*a)*c= b = c[Left Cancellation Law]
Similarly, b x (a *a™!) = ¢ * (a * a™!) = b = c [Right Cancellation Law]
In (G,x), Va, b € G, each of the equations a * x = b & y * a = b has unique solutions

Sincca€eG=>al€G=>al+xbeG and,a*(at+*b)=b=>a l*bisasolutionof axx=hb
Assuming the solution is not unique, let x; & x, be two solutions;
thena *x; = b = a * x, = x; = x, (i.e. the solution is unique)

In(G*),Va,beG (axb)™ 1 =b"1xa?!

Va,b€G,(axb)x(btxa)=((b"1*a ) x(axb) =e¢;
This shows that b~ x a1 is the inverse of a * b.

Finite Group:
A group (G,*) is finite if G contains a finite number of elements. Otherwise it is called an infinite group.

Example:

(S,.), where S = {z € C:z"™ = 1}is a finite group;
(Z,+) is an infinite group.

The order of a finite group is the number of elements present in it and is denoted by o(G).

Composition Table: Tabular form to denote all compositions in a finite group.

Example: Composition table for the abelian group (S,.) where S = {z € C/ z° = 1}

1 1) w?
1 1 w w?
w w w? 1
w? w? 1 1)
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Example: Composition table for the abelian group (Zs,®s),
Zs —residue classes of integers modulo 5, @s— addition modulo 5
Ds 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

Example: Composition table for Klein's 4 group {e, a, b, c}, where e is the identity, each element is its own inverse

anda*xb=c=b+*a, a*xc=b=cx*a, bxc=a=cx*b
* e a b c
e e a b c
a a e c b
b b c e a
c c b a e
Integral powers of an element of a group:
(G,x) — group, and a € G be any element;
Define: ()a® =a*ax*ax..xa (nfactors);(ii)a® =e; (ii)a=al*atxal*.... xa~! (n factors)

Laws of indices:

(i)
(ii)
(iii)
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a™xa® = a™t" m,n € Z;
(@™ =a™, mn € Z
(@) l=a"=(@ Y, nez

Clearly,a™*a™ = (a*xax*..xa)*(a*xax..xa)=(a*xax..xa)=a

m+n

m terms n terms

Similarly, one can show, (a™)" = a™*, m,n € Z,

m+n terms

Again,asa™ *a " = a® " = a® = e = a " is the inverse of a™.

Thus, (@) ' =a™" = at"V" = (g~H)"
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Order of an element of a group:

(G,*) - group, and a € G be any element; a is said to be of finite order if 3n € Z, such that a™ = e (Identity of G).
Order of a is the least positive integer n such that a™ = e, denoted by o(a) = n.

If no such n exists then n is said to have infinite order.

Result: o(a 1) = o(a)

leto(a) =m=>am=e, andifa? =e=>m <p;also, (a )™ =¢;

Let if possible, o(a™}) =n(n <m) @ a ™ =e = a™ " = e, m —n < m (contradiction); hence the result.
Result: If o(a) = nand a™ = e = n|m (i. e. n divides m)

As o(a) = n,n is the least positive integer suchthata” =e=>m >n;

letm=ng+r, 0<r<n

T

a” =a™ ™ = g™ % (a™)~1 = e (contradiction); hence, r = 0 > m = nq.i.e.njm

Result: each element of a finite group is of finite order.
(G,*) be afinite group and a € G = a,a?, a3, .... are all elements of G ;

since G is finite all these cannot be distinct;

let m, n be such integers such that a™ = a",m >n = a™ ™" = e = o(a) is finite.

Example: Let G be a finite group with identity e. Then there exists a positive integer m such that a™ = e, Va € G.
Let, G = {a;,ay, ...,az}and also let o(a;) =m;, Vi=1,2,..,n

Let, m = lem{m,;,m,, ...,m,} = a™ =e,Va €G.

n

Result: If o(a) = n, then o(a™) =

ged(mn)

Let, gcd(m,n) = h=> m = hp &n = hq, [gcd(p, q) = 1];

Let, o(a™) = k = a™* = e = n|mk = hqlhpk = qlpk = qlk ....(1)[~ q 1 p]
Also, (™) = a"1 = (a™)? = e = k|q ...(2);

from (1)& (2), o(@™) =k =q = % = —gcd(’;n'n)

Example: If b be an element of a group such that o(b) = 20;

20
gcd(20,6)

20
gcd(20,8)

then, o(b®) = 10 & o(b®) =

Result: for any two elements a, b € G, o(ab) = o(ba)

Leto(ab) =n&o(ba) =m= (ab)"=e & (ba)™" =e

Again, (ab)™ = ab.ab ....ab = a.{ba.ba ....ba}.b = a.(ba)" L.b=e = (ba)" ! =a bt = (ba)™?
Tnractors Th-1ractors

Then, (ba)™ = (ba)* 1. ba = (ba) " .ba = e = m|n...(1)

By, similar arguments, we can show that n|m...(2); Combining them we getn = mi.e. o(ab) = o(ba)
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Problems on Chapter 1:

1.

A binary composition * definedonZ asa*b =a+ b —ab, a,b € Z.
Examine the properties of commutativity, associativity, existence of identity and existence of inverse.

Examine if (S,.), where S = {z € C/ z™ = 1}, is an abelian group or not.
Examine if (Z,*) is a group, wherea*xb =a+b+1, a,b € Z.

Examine if (M, (R),X), the set of all 2 X 2 matrices with matrix multiplication as binary composition
form a group, or not.

Let S be a non-empty set. Examine if (P(S),VU) is a group or not.
Show that a group (G,*) is abelian if each element of G is its own inverse.
Ifin (G,*), (a * b)? = a? = b?, then show that the group is abelian.

Ina group (G,*), a * b x c = e, where e is the identity; show that b * ¢ x a = e.

LetS = {(g 2) /ab€eR, ab# 0}; examine if S is a group under matrix multiplication.

10. Find all elements of order 5 in (Z,q, +).

Hints & Solutions:

1.

Commutativity:a*xb =a+b—ab=b+a—ba=bx*a

Associativity: (a*b)*c=(a+b—ab)*c=a+b—ab+c— (a+ b —ab)c
=a+b+c—ab—bc—ca+abc=ax*(bx*c)

Existence of Identity:a*xe =a=>a+e—ae=a=>e=0

Existence of inverse:a*xb=e=>a+b—ab=0=b =£$Z; hence inverse does not exist.

ClearlyS # ¢pas1 € S.letzy,z, €S = z' = z3 = 1;then (2,2,)" = 1 = 2,2z, € S [closure]
Associativity is true as it is true Vz € C

again, 1€ Sandz.1=1.z = z,Vz € § [Existence of identity]
and finally, if z € S, then zin = % =1= i € S and zé =1= é is the inverse of z € S [Existence of inverse]

Commutativity is true in C = S is an abelian group.

Yes, it is also abelian; associativity, commutativity and closure are obvious [do yourself]
identity is —1 € Z and inverseof a € Z is —a — 2 € Z.

No, it is not. The inverse of a singular matrix [i.e. a matrix 4 s.t. |A| = 0] does not exist.
No, itis not. Let A € P(S); then ZAB € S, such that A U B = ¢; i.e. existence of inverse property fails to hold

forany A € P(S).
Note: Similarly, (P(S),N) is also not a group as in this case there is no identity element.
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6. leta,beG=>a=a',b=bYalsoa*xb=(a*xb) ! =b"txa"!=bxalie.abelian].

7. Given,(a*b)>=a?*b>=>axb*xaxb=ax*xaxb*b = axb=b xa [by Right & Left cancellation].
Hence the result.

1

8. Given,a*b*c=e=>b*c=a'=>b*c*a=a !+*a=e[proved].

. 1 0
9. Sisnon-empty, as (0 1) €S
_(a O _(c O ) _(ac 0
Let4 = (0 b) ES&B = (0 d) € S;then AB = (0 bd) € S asac.bd # 0 [closure]
Associativity is true for all matrices.
(é 2) € S is the identity element.
_(xy . _(a 0 ax ayy_ (1 0 _1 . _ —0+r=21
Let, B = (z t) be the inverse of A = (0 b) = (bz bt) = (0 1) >x= Y= 0,z=0,t = 5
1/a 0\, ) 1/a O 111 .
Thus,( 0 1/b)lsthelnverseoannd( 0 1/b>ESasE.E—E¢O ~ab # 0

Hence the inverse of every matrix of S isin S.
Hence S is a group. [ Examine if it is abelian or not?]

10. (Z,0, +) is an additive group and o(1) = 20 [~ 20.1 = 20 (modulo 20) = 0]
let, m has order 5.

then, we have the result, o(a™) = gcd(tn,n)

for an additive group this can be written as o(m.a) = gcdgn,n) (1)

putting, a = 1, in (1) we get, o(m) = ﬁ [ 0(1) = 20]

by the given question, o(m) =5 = % =5 = gcd(m, 20) = 4, givingm = 4,8,12,16

Hence the required elements of Z,, which have the order 5 are 4, 8,12, 16.

Assignments on Chapter 1:

1. Let (G,°) be agroupandc € G. A binary composition * is defined on G
asaxb =aocob, Va,b € G.Show that (G,*) is a group with c~! as its identity element.

2. Show that a group (G,*) is abelianifand only if (a * b)™* = a~1 x b~ 1.

3. Examine if (D,*) form an abelian group, where D is the set of all odd integers and
a*b=a+b—1,Va,b€eD.

4. LetS={x€Q:0<x <1}, examine if (S,.) is a group.

5. Show that a group with three elements is necessarily abelian.
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