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Binary composition: A binary composition is a mapping from 𝑆 × 𝑆 → 𝑆 

 For 𝑎, 𝑏, 𝑐 ∈ 𝑆,  (𝑎, 𝑏)
∗
→𝑐 , where ∗ is a given binary composition. 

Example: Let 𝑆 = ℤ, 2,3 ∈ ℤ,  (2,3)
+
→5 

Example: Let 𝑆 = ℤ, 2,3 ∈ ℤ,  (2,3)
×
→6 

Example: Let 𝑆 = ℤ, 2,3 ∈ ℤ,  (2,3)
÷
→2/3 ; thus, division is not a binary composition on ℤ. 

A binary composition ∗ defined on a set 𝑆 ≡ The set 𝑆 is closed under the binary composition ∗ 

A binary composition ∗ is commutative on 𝑆 if 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎,  ∀𝑎, 𝑏 ∈ 𝑆  

Example: + is commutative on ℤ since ∀𝑎, 𝑏 ∈ ℤ,  𝑎 + 𝑏 = 𝑏 + 𝑎 

A binary composition ∗ is associative on 𝑆 if (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐),  ∀𝑎, 𝑏, 𝑐 ∈ 𝑆  

Example: + is associative on ℤ since ∀𝑎, 𝑏, 𝑐 ∈ ℤ,  (𝑎 + 𝑏) + 𝑐 = 𝑎 + (𝑏 + 𝑐) 

A binary composition ∗ defined on a set 𝑆.  

If  ∃𝑒 ∈ 𝑆,  𝑠. 𝑡.  𝑎 ∗ 𝑒 = 𝑒 ∗ 𝑎 = 𝑎,  ∀𝑎 ∈ 𝑆 , 𝑒 is the Identity Element. 

Example: 0 is the identity element w.r.t. + in ℤ ,  𝑠. 𝑡.   𝑎 + 0 = 0 + 𝑎 = 𝑎 ∀𝑎 ∈ ℤ.  

A binary composition ∗ defined on a set 𝑆 and let 𝑒 be the identity element.  

If for each 𝑎 ∈ 𝑆,  ∃𝑏 ∈ 𝑆 , such that 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 = 𝑒.  

Then 𝑏 is called the Inverse of 𝑎 with respect to the binary composition ∗. 

Example: Given 𝑎 ∈ ℤ,  ∃ − 𝑎 ∈ ℤ,  such that,  𝑎 + (−𝑎) = (−𝑎) + 𝑎 = 0. Then −𝑎 is the inverse of 𝑎 with  

                       respect to addition. 

Algebraic system: A set along with a binary composition, define an “Algebraic System”. 

Groupoid: Most basic algebraic system. (𝑆,∗) is a groupoid if the binary composition ∗ is defined on 𝑆. 

Semigroup: A groupoid (𝑆,∗) is a semigroup if ∗ is associative.  

Monoid: A semigroup (𝑆,∗) is a monoid if ∃ identity in 𝑆 with respect to binary composition ∗. 

Group: A monoid (𝑆,∗) is a group if each element of 𝑆 has an inverse in 𝑆 with respect to ∗. 

Example:        (ℤ,+) is a groupoid as ℤ is closed under +. 

                 (ℤ,+) is a semigroup as + is associative. 

                 (ℤ,+) is a monoid as 0 is the identity of ℤ w.r.t. +. 

                 (ℤ,+) is a group as for each 𝑎 ∈ ℤ − 𝑎 ∈ ℤ. 

Properties of a Group: 

1. Closure; 2.    Associativity; 3.    Existence of Identity; 4.    Existence of Inverse. 

 Abelian Group: Let (𝐺,∗) be a group. If ∗ is commutative then (𝐺,∗) is called a commutative/ abelian group. 
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Basic Properties: 

A group has unique identity 

Let (𝐺,∗) has two identities 𝑒, 𝑓 ∈ 𝐺 ⇒ 𝑎 ∗ 𝑒 = 𝑒 ∗ 𝑎 = 𝑎,  ∀𝑎 ∈ 𝐺  and   𝑎 ∗ 𝑓 = 𝑓 ∗ 𝑎 = 𝑎 , ∀𝑎 ∈ 𝐺 

Then 𝑒 ∗ 𝑓 = 𝑓   &   𝑒 ∗ 𝑓 = 𝑒 ⇒ 𝑒 = 𝑓. 

Each element has unique inverse in a group 

Let 𝑎 ∈ 𝐺 has two inverses 𝑎′& 𝑎′′; then  𝑎 ∗ 𝑎′ = 𝑎′ ∗ 𝑎 = 𝑒 (identity of 𝐺) and 𝑎 ∗ 𝑎′′ = 𝑎′′ ∗ 𝑎 = 𝑒 

Hence, (𝑎′ ∗ 𝑎) ∗ 𝑎′′ = 𝑎′ ∗ (𝑎 ∗ 𝑎′′) ⇒ 𝑎′′ = 𝑎′. 

In (𝑮,∗),    𝒂 ∗ 𝒃 = 𝒂 ∗ 𝒄 ⇒ 𝒃 = 𝒄 ,  ∀𝒂, 𝒃, 𝒄 ∈ 𝑮 [ 𝑳𝒆𝒇𝒕 𝑪𝒂𝒏𝒄𝒆𝒍𝒍𝒂𝒕𝒊𝒐𝒏 𝑳𝒂𝒘 ] 

                   𝒃 ∗ 𝒂 = 𝒄 ∗ 𝒂 ⇒ 𝒃 = 𝒄,  ∀𝒂, 𝒃, 𝒄 ∈ 𝑮 [ 𝑹𝒊𝒈𝒉𝒕 𝑪𝒂𝒏𝒄𝒆𝒍𝒍𝒂𝒕𝒊𝒐𝒏 𝑳𝒂𝒘 ] 

Since 𝑎 ∈ 𝐺 ⇒ 𝑎−1 ∈ 𝐺 &  (𝑎−1 ∗ 𝑎) ∗ 𝑏 = (𝑎−1 ∗ 𝑎) ∗ 𝑐 ⇒ 𝑏 = 𝑐 [Left Cancellation Law] 

Similarly, 𝑏 ∗ (𝑎 ∗ 𝑎−1) = 𝑐 ∗ (𝑎 ∗ 𝑎−1) ⇒ 𝑏 = 𝑐 [Right Cancellation Law] 

In (𝑮,∗),  ∀𝒂, 𝒃 ∈ 𝑮, each of the equations 𝒂 ∗ 𝒙 = 𝒃  & 𝒚 ∗ 𝒂 = 𝒃 has unique solutions 

Since 𝑎 ∈ 𝐺 ⇒ 𝑎−1 ∈ 𝐺 ⇒ 𝑎−1 ∗ 𝑏 ∈ 𝐺  and, 𝑎 ∗ (𝑎−1 ∗ 𝑏) = 𝑏 ⇒ 𝑎−1 ∗ 𝑏 is a solution of  𝑎 ∗ 𝑥 = 𝑏 

Assuming the solution is not unique, let 𝑥1 & 𝑥2 be two solutions;  

then 𝑎 ∗ 𝑥1 = 𝑏 = 𝑎 ∗ 𝑥2 ⇒ 𝑥1 = 𝑥2 (i.e. the solution is unique) 

In (𝑮,∗),  ∀𝒂, 𝒃 ∈ 𝑮  (𝒂 ∗ 𝒃)−𝟏 = 𝒃−𝟏 ∗ 𝒂−𝟏 

∀𝑎, 𝑏 ∈ 𝐺, (𝑎 ∗ 𝑏) ∗ (𝑏−1 ∗ 𝑎−1) = (𝑏−1 ∗ 𝑎−1) ∗ (𝑎 ∗ 𝑏) = 𝑒; 

This shows that  𝑏−1 ∗ 𝑎−1 is the inverse of 𝑎 ∗ 𝑏. 

Finite Group:  

A group (𝐺,∗) is finite if 𝐺 contains a finite number of elements. Otherwise it is called an infinite group. 

Example: 

 (𝑆,.), where 𝑆 = {𝑧 ∈ ℂ : 𝑧𝑛 = 1} is a finite group; 

 (ℤ,+) is an infinite group. 

The order of a finite group is the number of elements present in it and is denoted by 𝑜(𝐺). 

Composition Table: Tabular form to denote all compositions in a finite group. 

 Example: Composition table for the abelian group (𝑆, . ) where 𝑆 = {𝑧 ∈ ℂ/ 𝑧3 = 1} 

⋅ 1 𝜔 𝜔2 

1 1 𝜔 𝜔2 

𝜔 𝜔 𝜔2 1 

𝜔2 𝜔2 1 𝜔 
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Example: Composition table for the abelian group (ℤ5,⊕5) , 

                       ℤ5 →residue classes of integers 𝑚𝑜𝑑𝑢𝑙𝑜 5, ⊕5→ addition 𝑚𝑜𝑑𝑢𝑙𝑜 5  

⊕5 𝟎̅ 𝟏̅ 𝟐̅ 𝟑̅ 𝟒̅ 

𝟎̅ 0̅ 1̅ 2̅ 3̅ 4̅ 

𝟏̅ 1̅ 2̅ 3̅ 4̅ 0̅ 

𝟐̅ 2̅ 3̅ 4̅ 0̅ 1̅ 

𝟑̅ 3̅ 4̅ 0̅ 1̅ 2̅ 

𝟒̅ 4̅ 0̅ 1̅ 2̅ 3̅ 

 

Example: Composition table for Klein’s 4 group {𝑒, 𝑎, 𝑏, 𝑐}, where 𝑒 is the identity, each element is its own inverse 

         and 𝑎 ∗ 𝑏 = 𝑐 = 𝑏 ∗ 𝑎,  𝑎 ∗ 𝑐 = 𝑏 = 𝑐 ∗ 𝑎,  𝑏 ∗ 𝑐 = 𝑎 = 𝑐 ∗ 𝑏 

∗ 𝒆 𝒂 𝒃 𝒄 

𝒆 𝑒 𝑎 𝑏 𝑐 

𝒂 𝑎 𝑒 𝑐 𝑏 

𝒃 𝑏 𝑐 𝑒 𝑎 

𝒄 𝑐 𝑏 𝑎 𝑒 

 

Integral powers of an element of a group: 

(𝐺,∗) → group, and 𝑎 ∈ 𝐺 be any element; 

Define:  (i) 𝑎𝑛 = 𝑎 ∗ 𝑎 ∗ 𝑎 ∗ …∗ 𝑎 (𝑛 𝑓𝑎𝑐𝑡𝑜𝑟𝑠); (ii) 𝑎0 = 𝑒; (iii) 𝑎−𝑛 = 𝑎−1 ∗ 𝑎−1 ∗ 𝑎−1 ∗ ……∗ 𝑎−1  (𝑛  𝑓𝑎𝑐𝑡𝑜𝑟𝑠) 

Laws of indices: 

(i) 𝑎𝑚 ∗ 𝑎𝑛 = 𝑎𝑚+𝑛 ,𝑚, 𝑛 ∈ ℤ; 

(ii) (𝑎𝑚)𝑛 = 𝑎𝑚𝑛,𝑚, 𝑛 ∈ ℤ; 

(iii) (𝑎𝑛)−1 = 𝑎−𝑛 = (𝑎−1)𝑛, 𝑛 ∈ ℤ 

 

Clearly, 𝑎𝑚 ∗ 𝑎𝑛 = (𝑎 ∗ 𝑎 ∗ …∗ 𝑎)⏟        
𝑚 𝑡𝑒𝑟𝑚𝑠

∗ (𝑎 ∗ 𝑎 ∗ …∗ 𝑎)⏟        
𝑛 𝑡𝑒𝑟𝑚𝑠

= (𝑎 ∗ 𝑎 ∗ …∗ 𝑎)⏟        
𝑚+𝑛 𝑡𝑒𝑟𝑚𝑠

= 𝑎𝑚+𝑛 

 

Similarly, one can show, (𝑎𝑚)𝑛 = 𝑎𝑚𝑛,𝑚, 𝑛 ∈ ℤ; 

Again, as 𝑎𝑛 ∗ 𝑎−𝑛 = 𝑎𝑛−𝑛 = 𝑎0 = 𝑒 ⇒ 𝑎−𝑛 is the inverse of 𝑎𝑛.  

Thus, (𝑎𝑛)−1 = 𝑎−𝑛 = 𝑎(−1).𝑛 = (𝑎−1)𝑛 
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Order of an element of a group: 

(𝐺,∗) → group, and 𝑎 ∈ 𝐺 be any element; 𝑎 is said to be of finite order if ∃𝑛 ∈ ℤ, such that 𝑎𝑛 = 𝑒 (Identity of 𝐺). 

Order of 𝑎 is the least positive integer 𝑛 such that 𝑎𝑛 = 𝑒, denoted by 𝑜(𝑎) = 𝑛. 

If no such 𝑛 exists then 𝑛 is said to have infinite order. 

Result:  𝑜(𝑎−1) = 𝑜(𝑎) 

Let 𝑜(𝑎) = 𝑚 ⇒ 𝑎𝑚 = 𝑒,  and if 𝑎𝑝 = 𝑒 ⇒ 𝑚 < 𝑝 ; also, (𝑎−1)𝑚 = 𝑒 ;  

Let if possible, 𝑜(𝑎−1) = 𝑛(𝑛 < 𝑚) ⇒ 𝑎−𝑛 = 𝑒 ⇒ 𝑎𝑚−𝑛 = 𝑒,  𝑚 − 𝑛 < 𝑚 (contradiction); hence the result. 

Result: If 𝑜(𝑎) = 𝑛 and 𝑎𝑚 = 𝑒 ⇒ 𝑛|𝑚 (𝑖. 𝑒.  𝑛 divides 𝑚) 

As 𝑜(𝑎) = 𝑛, 𝑛 is the least positive integer such that 𝑎𝑛 = 𝑒 ⇒ 𝑚 > 𝑛 ;  

let 𝑚 = 𝑛𝑞 + 𝑟,  0 ≤ 𝑟 < 𝑛 

𝑎𝑟 = 𝑎𝑚−𝑛𝑞 = 𝑎𝑚 ∗ (𝑎𝑛)−𝑞 = 𝑒 (contradiction); hence,  𝑟 = 0 ⇒ 𝑚 = 𝑛𝑞. i.e. 𝑛|𝑚 

Result: Each element of a finite group is of finite order. 

(𝐺,∗) be a finite group and 𝑎 ∈ 𝐺 ⇒ 𝑎, 𝑎2, 𝑎3, …. are all elements of 𝐺 ; 

since 𝐺 is finite all these cannot be distinct;  

let 𝑚, 𝑛 be such integers such that 𝑎𝑚 = 𝑎𝑛, 𝑚 > 𝑛 ⇒ 𝑎𝑚−𝑛 = 𝑒 ⇒ 𝑜(𝑎) is finite. 

Example: Let 𝐺 be a finite group with identity 𝑒. Then there exists a positive integer 𝑚 such that 𝑎𝑚 = 𝑒, ∀𝑎 ∈ 𝐺. 

Let, 𝐺 = {𝑎1, 𝑎2, … , 𝑎𝑛} and also let 𝑜(𝑎𝑖) = 𝑚𝑖,  ∀𝑖 = 1,2, . . , 𝑛 

Let, 𝑚 = 𝑙𝑐𝑚{𝑚1,𝑚2, … ,𝑚𝑛} ⇒ 𝑎𝑚 = 𝑒, ∀𝑎 ∈ 𝐺. 

Result: If 𝑜(𝑎) = 𝑛, then 𝑜(𝑎𝑚) =
𝑛

gcd(𝑚,𝑛)
 

Let, gcd(𝑚, 𝑛) = ℎ ⇒ 𝑚 = ℎ𝑝 & 𝑛 = ℎ𝑞 , [gcd(𝑝, 𝑞) = 1];  

Let, 𝑜(𝑎𝑚) = 𝑘 ⇒ 𝑎𝑚𝑘 = 𝑒 ⇒ 𝑛|𝑚𝑘 ⇒ ℎ𝑞|ℎ𝑝𝑘 ⇒ 𝑞|𝑝𝑘 ⇒ 𝑞|𝑘… . (1)[∵ 𝑞 ∤ 𝑝]  

Also, (𝑎𝑚)𝑞 = 𝑎ℎ𝑝𝑞 = (𝑎𝑛)𝑝 = 𝑒 ⇒ 𝑘|𝑞 … (2); 

from (1)& (2),   𝑜(𝑎𝑚) = 𝑘 = 𝑞 =
𝑛

ℎ
=

𝑛

gcd(𝑚,𝑛)
  

Example: If 𝑏 be an element of a group such that 𝑜(𝑏) = 20; 

          then,  𝑜(𝑏6) =
20

gcd(20,6)
= 10   &   𝑜(𝑏8) =

20

gcd(20,8)
= 5. 

Result: for any two elements 𝑎, 𝑏 ∈ 𝐺, 𝑜(𝑎𝑏) = 𝑜(𝑏𝑎) 

Let 𝑜(𝑎𝑏) = 𝑛 & 𝑜(𝑏𝑎) = 𝑚 ⇒ (𝑎𝑏)𝑛 = 𝑒  &  (𝑏𝑎)𝑚 = 𝑒 

Again, (𝑎𝑏)𝑛 = 𝑎𝑏. 𝑎𝑏… . 𝑎𝑏⏟        
𝑛 𝑓𝑎𝑐𝑡𝑜𝑟𝑠

= 𝑎. {𝑏𝑎. 𝑏𝑎… . 𝑏𝑎}⏟        
𝑛−1 𝑓𝑎𝑐𝑡𝑜𝑟𝑠

. 𝑏 = 𝑎. (𝑏𝑎)𝑛−1. 𝑏 = 𝑒 ⇒ (𝑏𝑎)𝑛−1 = 𝑎−1𝑏−1 = (𝑏𝑎)−1 

Then, (𝑏𝑎)𝑛 = (𝑏𝑎)𝑛−1. 𝑏𝑎 = (𝑏𝑎)−1. 𝑏𝑎 = 𝑒 ⇒ 𝑚|𝑛…(1) 

By, similar arguments, we can show that  𝑛|𝑚…(2); Combining them we get 𝑛 = 𝑚 i.e. 𝑜(𝑎𝑏) = 𝑜(𝑏𝑎) 
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Problems on Chapter 1: 

1.    A binary composition ∗ defined on ℤ as 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 − 𝑎𝑏,  𝑎, 𝑏 ∈ ℤ. 

       Examine the properties of commutativity, associativity, existence of identity and existence of inverse. 

2. Examine if (𝑆, . ), where 𝑆 = {𝑧 ∈ ℂ/ 𝑧𝑛 = 1}, is an abelian group or not. 

 

3. Examine if (ℤ,∗) is a group, where 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 + 1,  𝑎, 𝑏 ∈ ℤ. 

 

4. Examine if (𝑀2(ℝ),×), the set of all 2 × 2 matrices with matrix multiplication as binary composition  

form a group, or not. 

 

5. Let 𝑆 be a non-empty set. Examine if (𝑃(𝑆),∪) is a group or not. 

 

6. Show that a group (𝐺,∗) is abelian if each element of 𝐺 is its own inverse. 

 

7. If in (𝐺,∗),  (𝑎 ∗ 𝑏)2 = 𝑎2 ∗ 𝑏2, then show that the group is abelian. 

 

8. In a group (𝐺,∗),  𝑎 ∗ 𝑏 ∗ 𝑐 = 𝑒, where 𝑒 is the identity; show that 𝑏 ∗ 𝑐 ∗ 𝑎 = 𝑒. 

 

9. Let 𝑆 = {(
𝑎 0
0 𝑏

) / 𝑎, 𝑏 ∈ ℝ,  𝑎𝑏 ≠ 0}; examine if 𝑆 is a group under matrix multiplication. 

 

10. Find all elements of order 5 in (ℤ20, +). 

 

 

Hints & Solutions: 

1. Commutativity: 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 − 𝑎𝑏 = 𝑏 + 𝑎 − 𝑏𝑎 = 𝑏 ∗ 𝑎 

Associativity: (𝑎 ∗ 𝑏) ∗ 𝑐 = (𝑎 + 𝑏 − 𝑎𝑏) ∗ 𝑐 = 𝑎 + 𝑏 − 𝑎𝑏 + 𝑐 − (𝑎 + 𝑏 − 𝑎𝑏)𝑐 
= 𝑎 + 𝑏 + 𝑐 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎 + 𝑎𝑏𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) 

Existence of Identity: 𝑎 ∗ 𝑒 = 𝑎 ⇒ 𝑎 + 𝑒 − 𝑎𝑒 = 𝑎 ⇒ 𝑒 = 0 

Existence of inverse: 𝑎 ∗ 𝑏 = 𝑒 ⇒ 𝑎 + 𝑏 − 𝑎𝑏 = 0 ⇒ 𝑏 =
𝑎

𝑎−1
∉ ℤ; hence inverse does not exist. 

 

2. Clearly 𝑆 ≠ 𝜙 as 1 ∈ 𝑆. Let 𝑧1, 𝑧2 ∈ 𝑆 ⇒ 𝑧1
𝑛 = 𝑧2

𝑛 = 1; then (𝑧1𝑧2)
𝑛 = 1 ⇒ 𝑧1𝑧2 ∈ 𝑆 [closure] 

Associativity is true as it is true ∀𝑧 ∈ ℂ 

again, 1 ∈ 𝑆 and 𝑧 . 1 = 1. 𝑧 = 𝑧 , ∀𝑧 ∈ 𝑆 [Existence of identity] 

and finally, if 𝑧 ∈ 𝑆, then 
1

𝑧𝑛
=
1

1
= 1 ⇒

1

𝑧
∈ 𝑆 and 𝑧.

1

𝑧
= 1 ⇒

1

𝑧
 is the inverse of 𝑧 ∈ 𝑆 [Existence of inverse] 

Commutativity is true in ℂ ⇒ 𝑆 is an abelian group. 

 

3. Yes, it is also abelian; associativity, commutativity and closure are obvious [do yourself] 

identity is −1 ∈ ℤ and inverse of 𝑎 ∈ ℤ is −𝑎 − 2 ∈ ℤ. 

 

4. No, it is not. The inverse of a singular matrix [i.e. a matrix 𝐴 s.t. |𝐴| = 0] does not exist. 

 

5.  No, it is not. Let 𝐴 ∈ 𝑃(𝑆); then ∄𝐵 ∈ 𝑆, such that 𝐴 ∪ 𝐵 = 𝜙; i.e. existence of inverse property fails to hold 

for any 𝐴 ∈ 𝑃(𝑆).  

Note: Similarly, (𝑷(𝑺),∩) is also not a group as in this case there is no identity element. 
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6. Let 𝑎, 𝑏 ∈ 𝐺 ⇒ 𝑎 = 𝑎−1, 𝑏 = 𝑏−1; also 𝑎 ∗ 𝑏 = (𝑎 ∗ 𝑏)−1 = 𝑏−1 ∗ 𝑎−1 = 𝑏 ∗ 𝑎 [i.e. abelian]. 

 

7. Given, (𝑎 ∗ 𝑏)2 = 𝑎2 ∗ 𝑏2 ⇒ 𝑎 ∗ 𝑏 ∗ 𝑎 ∗ 𝑏 = 𝑎 ∗ 𝑎 ∗ 𝑏 ∗ 𝑏 ⇒ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 [by Right & Left cancellation]. 

Hence the result. 

 

8. Given, 𝑎 ∗ 𝑏 ∗ 𝑐 = 𝑒 ⇒ 𝑏 ∗ 𝑐 = 𝑎−1 ⇒ 𝑏 ∗ 𝑐 ∗ 𝑎 = 𝑎−1 ∗ 𝑎 = 𝑒[proved]. 

 

9. 𝑆 is non-empty, as (
1 0
0 1

) ∈ 𝑆 

Let 𝐴 = (
𝑎 0
0 𝑏

) ∈ 𝑆 & 𝐵 = (
𝑐 0
0 𝑑

) ∈ 𝑆; then 𝐴𝐵 = (
𝑎𝑐 0
0 𝑏𝑑

) ∈ 𝑆 as 𝑎𝑐. 𝑏𝑑 ≠ 0 [closure] 

Associativity is true for all matrices. 

(
1 0
0 1

) ∈ 𝑆 is the identity element. 

Let, 𝐵 = (
𝑥 𝑦
𝑧 𝑡

) be the inverse of 𝐴 = (
𝑎 0
0 𝑏

) ⇒ (
𝑎𝑥 𝑎𝑦
𝑏𝑧 𝑏𝑡

) =   (
1 0
0 1

) ⇒ 𝑥 =
1

𝑎
, 𝑦 = 0, 𝑧 = 0, 𝑡 =

1

𝑏
 

Thus, (
1/𝑎 0
0 1/𝑏

) is the inverse of 𝐴 and (
1/𝑎 0
0 1/𝑏

) ∈ 𝑆 as 
1

𝑎
.
1

𝑏
=

1

𝑎𝑏
≠ 0 ∵ 𝑎𝑏 ≠ 0 

Hence the inverse of every matrix of 𝑆 is in 𝑆. 

Hence 𝑆 is a group. [ Examine if it is abelian or not?] 

 

10. (ℤ20, +) is an additive group and 𝑜(1̅) = 20 [∵ 20.1 = 20 (𝑚𝑜𝑑𝑢𝑙𝑜 20) = 0] 

let, 𝑚̅ has order 5. 

then, we have the result, 𝑜(𝑎𝑚) =
𝑛

gcd(𝑚,𝑛)
 

for an additive group this can be written as 𝑜(𝑚. 𝑎) =
𝑛

gcd(𝑚,𝑛)
 …(1) 

putting, 𝑎 = 1, in (1) we get, 𝑜(𝑚) =
20

gcd(𝑚,20)
 [∵ 𝑜(1) = 20] 

by the given question, 𝑜(𝑚) = 5 ⇒
20

gcd(𝑚,20)
= 5 ⇒ gcd(𝑚, 20) = 4, giving 𝑚 = 4,8,12,16 

Hence the required elements of 𝑍20 which have the order 5 are 4̅, 8̅, 12̅, 16̅. 

 

Assignments on Chapter 1: 

1. Let (𝐺,∘) be a group and 𝑐 ∈ 𝐺. A binary composition ∗ is defined on 𝐺  

as 𝑎 ∗ 𝑏 = 𝑎 ∘ 𝑐 ∘ 𝑏,   ∀𝑎, 𝑏 ∈ 𝐺. Show that (𝐺,∗) is a group with 𝑐−1 as its identity element. 

 

2. Show that a group (𝐺,∗) is abelian if and only if (𝑎 ∗ 𝑏)−1 = 𝑎−1 ∗ 𝑏−1. 

 

3. Examine if (𝐷,∗) form an abelian group, where 𝐷 is the set of all odd integers and  

𝑎 ∗ 𝑏 = 𝑎 + 𝑏 − 1,  ∀𝑎, 𝑏 ∈ 𝐷. 

 

4. Let 𝑆 = {𝑥 ∈ ℚ : 0 < 𝑥 ≤ 1}, examine if (𝑆, . ) is a group. 

 

5. Show that a group with three elements is necessarily abelian. 

 

 


