124(Sc) UG-III/Math-VI(H)/21

2021
MATHEMATICS
[HONOURS]
Paper : VI
Full Marks : 100 Time : 4 Hours

The figures in the right-hand margin indicate marks.

Symbols and Notations have their usual meaning.

1.  Answer any five questions: I1x5=5

. 2x .
a) Show that lim — Y + does not exist.
(x¥)=(0.0) X" +y

1odx
b) Examine the convergence of j .
O Vl-x

c) If L[ (t ):| (p) then prove that for ) >0,

3

d) Showthat z= ( ) where f'is differentiable

o 0z 0z
tisf =2
satisfying X(axj (ayj

e) Show that the function f defined as

f(x) = i when

211 2 2n+1

1
<x< 2—n,(n = 0,1,2,...)
=0 when x=0,
is integrable on [0, 1].

[Turn over]

f)  Find the radius of convergence of the series

g) Show that the sequence {f }, where
f (x)=tan"'nx,x 20 is uniformly convergent
in any interval [a, b], a>0, but is only point-

wise convergent is [0, b].

2. Answer any ten questions: 2x10=20

a)  Iffisbounded and integrable on [, ] and if
a, b_are its Fourier coefficients then prove

that i(ai "‘bi) converges.

n=1

b) Show that f(xy,z—2x)=0 satisfies, under
suitable conditions, the equation

x%— y% =2x. Find those conditions.

ox ~ dy

c) Find the stationary points of the function
f(x,y,z)=(x+y+z)3 —3(x+y+z)—24xyz+27.
d) Evaluate ”[x+y] dxdy, over the rectangle
R
R=[0,1;0,2], where [x+y] denotes the

greatest integer less than or equal to (x+y).

e) Locate and classify the singular points of the

equation X ( 1) y’+2x'y +4y=0.
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f)  Compute the integral L xydx along the arc of
the parabola x=y? from (1, —1) to (1, 1).

g)  Obtain the differential equation of all conics
whose axes coincide with the axes of
coordinates.

h)  Use the convolution theorem to evaluate

=

1)  Show that the repeated limits exist at the origin
and are equal but the simultaneous limit does

not exist for the following function
Lif xy=0
f(x, y) =< . 3
0if xy=0
j)  The function f is defined on [0, by

f(x)=(-1)"",n-1<x<n,ne N. Show that

the integral j:f (x)dx does not converge.

k)  Compute j_llfdx, where f(x)=|x|.

1)  Iffis integrable on [a, b], then show that f? is
also integrable on [a, b].
3. Answer any five questions: 6x5=30
a)  Solve the equation
%HX—I)Z j—z— (x=1)y=0 in series
about the point x=1.
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b)

d)

e)
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i)  Solve: <y2+zz—xz)p—2xyq+22x:0

i1)  Show that the point of infinity is a regular
singular point of the equation
x’y”+(3x=1)y’+3y=0. 4+2

1)  Prove that the set C[a, b] of all real-valued

functions continuous on the interval
[a, b] with the function d defined by

1
d(f,g)= (Lbf(x) —g(x)"dx|” is a metric

space.
i1)  Show that in any metric space (x, d) the
intersection of a finite number of open
sets is open. 4+2
i) Iff and fy are both differentiable at a
point (a, b) of the domain of definition

of a function f, then prove that
f,(a,b)=f, (a,b)

Xy<X2 _yz)

ii) Let f(x,y)= X1y

, (x,y) * (0, 0)
£(0,0)=0.

Then show that at the origin f,, =1 .

4+2

COS X

Show that j; dx is conditionally

log x

convergent.
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f)  Obtain the Fourier series in the interval

{—— —} of the function f given by

X— [x]—— when x is not an integer
otherwise
where [x] is the greatest integers < x .

g)  Prove that the function f(x,y)=/|xy| is not
differentiable at the point (0,0) but that f and

f both exist at the origin and have the value 0.
Hence deduce that these two partial
derivatives are continuous except at the origin.

4+2

h) Find the maximum and minimum values of

x*+y*+z> subject to the conditions

2 2 2
y
—+—+—=1 +
TR andz=x+y.
4.  Answer any three questions: 15%3=45

a) 1)  Solve in series the differential equation
<2X+x3)y”—y’—6xy= 0. For what
values of x, the series so obtained are

convergent?

11)  Evaluate:

[[xmy ' (1-x-y)"" dxdy.m2Ln=1p>1
E
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b)
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iif)

iii)

where E is the region bounded by
x=0,y=0,x+y=1.

Prove that a series of functions Xf, will
converge uniformly and absolutely on
[a,b] if there exists a convergent series

XM, of positive numbers such that for

x)‘ <M, for all n.
(4+2)+6+3

Show that continuous image of a

compact set is compact.

Let (X, d) be a metric space. Then show

that any disjoint pair of closed sets in X

can be separated by disjoint open sets in
X.

Evaluate J;J Sin[ z ; z}

the region bounded by the co-ordinate

j dxdy | where E is

axes and x+y=1 in the first quadrant.
5+5+5

State and prove Taylor's theorem for

functions of two variables with

remainder after n terms.
If f(x,y) = /|xy| then prove that Taylor's

expansion about the point (x,x) is not

valid in any domain which includes the
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d)
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iii)

iii)

origin.
1
Discuss the convergence of jo log Vxdx

and hence evaluate it.

(1+5)+4+(2+3)
Prove that a bounded function f is
integrable on [a, b] iff for every g¢>0
there exists a partition P of [a, b], such
that U(P,f)—L(P,f) <e.
If f and g are integrable on [a,b] and g
keeps the same sign over [a, b], then
show that there exists a number [ lying
between the bounds of f such that

jab fgdx = ujab gdx .

Prove that lim L, where

dx,ne N exists and equal

8 sin nx
I“ :Jo X
to /2. 6+3+6
The roots of the equation in ),
(k—x)3+(k—y)3+(K—z)3 =0
are u, v and w. Then prove that
d(u,v,w) _ (y—2z)(z—x)(x-y)
a(x,y,z) (V—w)(w—u)(u—v) )
If

f(x.y.2) = (a’x* +b%y* +¢’2° )/ x*y2,
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iif)

iif)

where ax’+by*+cz’ =1 and a, b ¢ are
positive, show that the minimum value
of f(x,y,z) is given by

u ) u ) u

2a(u+a) T 2b(u+Db) 4T 2¢(u+c)
where u is the positive root of the
equation

u’ —(bc+ ca+ab)u—2abc: 0.

If V is a function of two variables x and

y and x=rcos6, y=rsin® then prove

that aZV+a2v_a2v+iaZV+1a_v
ox> dy° o' 1 00° ror

5+6+4

Solve:
Z(X+y)g—i+ z(x— y)§—§= x*+y’

Use Laplace transforms to solve the

following problem:

d’y ,dy »
—+3—+2y=¢,y(0)=y'(0)=0.
Solve the partial differential equation
px+qy =pq by Charpits method.

5+5+5
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