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MATHEMATICS
[HONOURS]
Course Code : MATH-H-CC-T-8
(Riemann integration and series of functions)
Full Marks : 30 Time : 17 Hours
The figures in the right-hand margin indicate marks.

The symbols and notations have their usual meanings.

1.  Answer any five questions: 2x5=10

a) Give an example of discontinuous function
defined on [0,1], which is Riemann integrable
on [0,1].

b) A function fis defined on [0,1] by

1 if x is rational
)= {

0 if z is irrational.

Show that f'is not Riemann integrable on [0,1].

0 2 1
c¢)  Show that / e dx = 5\/?.
0
q how th /C’O sinx
) Show that . 1+ 22

is absolutely convergent.
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e) For each natural number n, let f, : R — R be
defined by f,.(7) = 17i72, v € R.
Find the pointwise limit function.
2 1
f)  Find the value of /0 \/ﬁ
g) Find the radius of convergence of the power
series 14z + 2 + 20 4.
h) Let fbe a bounded function on [a@,b] and P be
any partion of [a,b]. Then show that
L(P, f) SU(P. f).
2. Answer any two questions: 5x2=10
2 z 2
a) Prove that — < /2 'x dr < L 5
9 = SINT
332 .
b)  Show that Jim fo“—’f\ftdt _2 5
z—0 1‘3 3
c¢) Leta function fis defined on [0, 1] by
Lif L <a<iin=1,23,-)
— n +1 5 Hy Yy
f(z) { 0 if x=
Prove that f is Riemann integrable on [0, 1].
1
Evaluate [ f(x)da. 3+2
d) Prove that
: sinPrdr x /5 sinPlady = — , p>—1.
/0 0 2(p+1) P
5
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e)

3. Answer any one question:

a)

b)
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Assuming the power series expansion for

(1+2?)"tas

A+t =1—-a?+a* 2%+

obtain the power series expansion for fan'x and

hence deduce that

i)
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10x1=10
Prove that the series "> (—1)"2"(1 — z)
converges uniformly on [0, 1], but the
series > z"(1 — x) is not uniformly
convergent on [0, 1]. 3+2
Prove that a sequence of functions f is
uniformly convergent on [a,b] to a
function f'if and only if lim,,_,., M,, = 0,
— f(z)| and

use this to examine the uniform

where M,, = sup,c(,y |fn(7)

convergence of

fa(2) = 2, n=1,2,3,...and z €]0, 1].
3+2

Find a Fourier series expansion of

f(x) =2z — 2% in (0, 3) and hence deduce

that
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c)
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ii)

Prove that

n2

2 [e.¢]
2 = % + 4;(_1)ncos(nx’), - <z <.

i)

ii)

5

Let 3>  a,z" be a power series and let

1

n. If 0 < p <oo, Prove
that the series is absolutely convergent for

p = limsup |a,

|| < - and is divergent for|z[ > . 5

Let f,(x) = nz(1 — z)” when z € [0, 1].
Show that the sequence of function f (x)

is not uniformly convergent on [0, 1]. 5

(4)



