56(Sc) UG-I/Math-TI(H)/21

2021
MATHEMATICS
[HONOURS]
Paper : 11
Full Marks : 100 Time : 4 Hours

The figures in the right-hand margin indicate marks.
Symbols, notations have their usual meanings.

GROUP-A
(Differential Calculus)
[Marks : 35]

1.  Answer any three questions: 1x3=3

a) Ifu=xyf(1),then find xa—u+ya—u.
X ox ~ dy

: 1
b) Find IL%} —.
e* +1

c) Evaluate the following limit (if exist):

lim 3x+|x|

x—>07X—5|x|'

[Turn Over]

d)  Find the nature of discontinuity of the function

.1
£(x) = (x+1)sm; , xe(-1,1)

0 , otherwise

at x=1.

e) Give an example of a function which is

continuously at a point but not differentiable at

that point.
2. Answer any two questions: 2x2=4
n-1 n-— 1) '
a) If y=x""logx then prove that y, = .
X

b) Prove that the curve r"=a"cosn® and

" =b"sinnO cut orthogonally.

c) Find the derived function f’ corresponding to

the function f:[0, 3] - IR defined by

X , when 0<x<1
f(x)=12-x> , when 1l<x<2
x—x> , when 2<x<3.
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a)

b)

d)
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Answer any three questions:

6x3=18

Let f:[a, b] >R be such that f”(x) exists in
[a, b] and f’(a)={"(b). Prove that

f(a+b):%[f(a)+f(b):|+%(b—a)2 £7(c)

2
for some ce(a,b). 6

1)  Find all asymptotes of the following

curve:

B x*—x-2
Y X—2
11)  Find a and b such that

. ae*+be *+2sinx
lim =2

; 3+3
x>0 SINX+ X COSX

If y= log[x+\/1+xz}, then prove that

¥, (0)=0 and Yo, (0)=(-1)".13*5".(2n-1)’,
6

Define pedal equation of a curve. Show that

the pedal equation of the curve

212
rcos[a—be]=\/a2—b2 is pVb>+1’ =ar,

a
1+5
[3] [Turn Over]

4.  Answer any one question:

a)
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i)

iii)

Find 8_>Z< for the following function:

x’sin(2y—5z) =1+ ycos(6zx)
A function f is defined on [0,1] by
£(0)=1 and

f(x) =0 if x be irrational

I . m
=—, if x=— where m, n are
n n

positive integers prime to each other.
Prove that f is continuous at every
irrational point in [0, 1] and discontinuous
at every rational point in [0,1].  2+4
10x1=10
If P> P, be the radii of curvature at the
end of a focal chord of the parabola
y*> = 4ax then show that

2 2 2
p,*+p,’ =(2a)3:
Find the multiple points of the curve
x* —4dax’ —4ay’ +4a’x* +3a’y* —a* =0.
Discuss the nature of discontinuity at x=1

of the function

. log(2+x)-x"sinx

f(x): L

n—eo 1+x

[4]



b)
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iii)

If f 1s monotonically increasing function
on [a, b] and a<c<b, then show that f (c+o)
exists. 3+2+2+3=10

If x*>+y’+2° —2xyz=1 then show that

0.

dx N dy N dz
J1-x2 \/l—y2 J1-7
If u= log(x3 +y +7’ - 3xyz) then show

3

thatu_ +u_+u =-——"7"7+—.
XX yy 7z (X+y+Z)2

1 when x is rational

0 when x is irrational,

Iff(x)={

state with reasons, which of the following

statement is true:

p.  f1is continuous at rational points, but

discontinuous at irrational points.

gq- fis continuous at irrational points

and discontinuous at rational points.
r.  f1is continuous every where

s.  f1s discontinuous everywhere.
3+3+4=10

[5] [Turn Over]

GROUP-B

(Integral Calculus)

[Marks : 25]
5.  Evaluate any one of the following: 3x1=3
2) '[ dx
(l—x)\/l—x2
. _1 X
d
b) '[sm ( a+xj X
6. Answer any two questions: 6x2=12
a) Prove that
g 2 2
J. dx 2=£a3+l§ ; a,b>0
0 (az cos’ x +b”sin’ x) 4 a'b
6
b) 1) Find
lim| -t + -
=500 n2 12+n2 22+n2 (n_1)2+n2 .
ii) Evaluate: [(sin"x)'dx. 3+3
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c) Evaluate: 3+3

) dx
D J‘sin(x—a)sin(x—b)

if) '[X +2X+3
V1-x?
7.  Answer any one question: 10x1=10

a) 1) Find the moment of inertia of a thin

uniform lamina in the form of an ellipse

2 2
X .
—2+y—2=1 about its axes.
a- b

11)  Find the volume of the solid obtained by

the revolution of the cissoid

y’(2a—x)=x" about its asymptote.

1
iii) If u, = jx“ tan”' x dx, prove that for
n>2,

(n+1)un+(n—1)un_2=§—i. 3+4+3

b) i) If I =]x"sinxdx, n being a positive

O'—.N\?—l

integer greater than 1, then show that
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n-1
I+n(n-1I ,= n(g) :

T

2
Hence find the value of jxs sinx dx .
0

i1)  Find the volume of the solid generated

by revolving the cardioide r = a(l—cos6)

about the initial line. 6+4

GROUP-C
(Differential Equation-I)
[Marks : 40]
8.  Answer any two questions: 1x2=2

a) Determine the order and degree of the

differential equation

b)  Check whether the differential equation

(x2 —2xy—y2)dx—(x+ y)2 dy=0
is exact.
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c¢) Determine Wronskian of the functions

2X  A3x

e*, e, e,
9.  Answer any two questions: 2x2=4
a) Find the orthogonal trajectories of the family
of curves xy = a°.
b)  Solve the equation: xdy—ydx - cosldx =0.
X
¢) Show that the substitution x =sinh z transforms
: d’y  dy .
the equation (1 + X2)§+ X& =4y into
d’y
—2 =4y
dz’ Y
10. Answer any four questions: 6x4=24
a)  Solve the following differential equation
2
(X+a)2d—}2]—4(x+a)g+6y =X,
X dx
b)  Find the eigen values and eigen functions of the
equation
d’y
—+Ay=0, 0<x<T7
dx’ Y
satisfying the boundary conditions y = 0 at
x=0andg=0 at X ="1.
dx
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I1.

d)

Answer any one question:

a)
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Show that the system of co-axial parabolas

y’ =4a(x +a) is self orthogonal.

Reduce the differential equation y =2px—p’y

to clairant’s form by the substitutions y* =Y
and x =X, and obtain the complete primitive

and singular solution, if any.

Solve the following differential equation by

reducing to it’s normal form:

d’y , dy 2 z
——4x—+(4x" -3)y=¢" .
dx? dx ( )y

Solve the differential equation

d’ . > . A3
—}3]+y:e2x sinx +e2sin—x .
dx 2

10x1=10
1)  Determine whether the equation
(1+yz)dx + x(z— x)dy—(1+xy)dz=0
is integrable. Also obtain the integral of
the equation, if integrable.

ii) If'y, and y, are two linearly independent

integrals of the differential equation

d’y dy
—+p,—+p,y=0
dx? P dx p.y

[10]



b) 1)
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where p , p, are functions of x, then show
that

dy, B dy,  -[na
' dx Y2 dx ©
where ¢(#0) is a constant. 4+6=10

Reduce the differential equation

sin” x j_y -2y =0 to exact form and hence

X

solve it.
Sol -d—x+5x+ =e¢'
olve: at y

dy 2t
——-x4+3y= +5=
at Xt3iy=¢", 5+5=10

[11]



