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The symbols and notations have their usual meanings.

1.  Answer any ten questions: 2x10=20

i)  If /is an ideal of a ring with unity R and we s
where u is a unit element of R, then prove that
I=R.

2 1
ii) Let 4= [ i 2} . Then find a basis for the vector
space

S={ad’ +bA+cl :a,b,ceR}.

i11) Let V' be a vector space and U is a subspace of
V. Prove that

U,={feV": f(u)=0forallueU}

[Turn Over]

Vi)

vii)

viii)
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is a subspace of V'*, where V'* is the dual space
of V.

If ged(m,n)=1 (x—ﬂj | (ao +ax+ ...arxr)
n

where all a's are integers, then prove that m|a,
and n|a, .
Lets = {(z,y,2) € R®|z +y+ z = k} isa subspace

of 3. Find the value of k. Then find orthogonal

complement of S.

Let A1 # X2 be two eigenvalues of a matrix 4 and
u. is an eigenvector to \;, i = 1,2.Then show that

u, and u, are linearly independent.

Let the matrix 4 has eigen value 7 with eigen
vector y = (4, —11,7)T and B=4—4I. Find an eigen
value and its eigen vector of B.

Let C[0,2], the set of all real valued continuous

functions on [0,2] with inner product
2
(9) = [ 1@ @)dator frgeCl02)

Find the distance between

f(r) =4z +1and g(z) =3 — .

Consider an nXn matrix A= (a;) with
a12 = 1,a;; =0V (4,7) # (1,2). Prove that there is
no invertible matrix P such that PAP' is
diagonal.
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Let F be a field and 4.7 - F be an
homomorphism. Show that ¢ is either an

isomorphism or ¢ (a) =0 for all a € F.
Show that 2* — 9 is reducible over Z,.

Let V' be the space of all nxn matrices and B
be any fixed matrix in V. If fis the trace function
on Vand 7.y _, v is a linear operator defined
by T(4)=AB-BA, then what is T" f (T" is the
transpose of 7')?

where a, b and ¢ are real numbers. Then show

o = O
_ o O

Let A:[

[SER=

that the characteristics polynomial of 4 is equal

to the minimal polynomial for 4.

If A, B are ideals in a ring R and An B = {0}
Then show that for any s € A,b € B, ab = 0.

Let T be the linear operator on [R2, matrix of
which (in the standard basis) is [ y 5 } Find

the invariant subspaces of 2 under 7.

(3) [Turn Over]

2. Answer any four questions:

i)
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5x4=20
Let 4 be any 2x2 matrix over C and let
f(x) =ag+a1x+ -+ ax"

be any polinomial over C. Show that f(4) is a
matrix which can be written as ¢,7 + ¢, 4 for

some ¢, ¢, € C whare [ is the identity matrix.

Let R be a Euclidean Domain and let @ and b be
nonzero elements of R. Let d be greatest
common divisor of @ and b, then the principal
ideal (d) is the ideal generated by a and b.

Let ay,as,...,a, ben distinct odd integers. Prove

that the polynomial
fl@)=(@—-a)(x—a2) - (x—a,) +1
is irreducible in 7 [z].

Let A be an n xn real matrix such that 4°=/, but
A#+I (Where I denotes the n xn-identity

matrix). Show that
a) A hastwo eigen values A, \o.

b) Every element » € R" can be expressed
uniquely as 21 + =2, where Az, = \;z; and

A.TQ = AQQ?Q‘
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Answer any two questions:

Let 4= (al./.) be an 7 Xn matrix such that a;= 0

whenever i > j. Prove that 4" is the zero matrix.

Show that every nonzero prime ideal in a
Principal Ideal Domain is a maximal ideal.
Hence deduce that if R is any commutative ring
such that the polynomial ring R/x/ is a Principal

Ideal Domain, then R. is necessarily a field.

Let U and V be any two vector spaces over a
field F and dimU = m, dimV= n. Show that Hom
(U, V), the set of all vector space homomor-
phisms of U into V, is a vector space over F' of

dimension mn.
10x2=20

a) If Vis a finite dimensional inner product
space and if W is a subspace of V. Then V
is the direct sum of Wand jt, where pt

is the orthogonal complement of .
b)  Show that (w-)* = w.

c) Let m, n be integers such that gcd
(m,n) = 1. Let D be an integral domain,
a,be D. Suppose a" = b™and a" = b".
Prove that a = b. 5+3+2
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Let D be a principal ideal domain.

a)  Show that every element neither zero nor
unit in D is a product of irreducibles.

b)  Anideal (p) of D is maximal if and only if
p 1is an irreducible.

c) Forp, a b e D, where p is an irreducible.
If p|ab, then either p|a or p|b. 5+3+2

Let V' be a vector space over a field F, Wis a

subspace of V and A(W) = {f € V*|f (w) =0 for

all w € W}, where V* is the dual space of V.

a)  Show that W* is isomorphic to v*/4 (W)
and dim A(W) = dimV—dim W, where W*
is the dual space of W.

b) Showthat,4 (4 (W)) = W.

c) Find A(W), where W = span {(1,2,3),
(0,4,—-1)} is the subspace of v =R3.

5+2+3
Let V be the inner product space of all
polynomial of degree less than or equal to 3 with

inner product

1
(f,9) :/o f@®)g(t)dtfor f,ge V.

Show that {1,z,22 2%} 1s a basis for V. Find an
orthonormal basis for V' by Gram-Schmidt

orthogonalisation process. 10
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