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The figures in the right-hand margin indicate marks.

The symbols and notations have their usual meanings.

1.  Answer any ten questions:

a)

b)

d)

2x10=20
Define subgroup of a group. Let, G = (r*,")
(group of non-zero real number under usual
multiplication) and H={y e G:y=x", wheren
is prime or x is irrational}. Check whether H is

a subgroup of G or not.

Leta € G, where G is a non-cyclic abelian group
of order 4. Find order of a.

Determine whether ¢ : (Mz(R),-) — (R,-) by
#(A) = det(A). is an isomorphism.

Let ¢ : (R,+) — (R>,.) defined by ¢(r) = a",
where 0 < g < 1. Is it an isomorphism? Where

R > denotes the set if all positive real numbers.
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g)

h)

i)

k)

)
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If o and B are distinct 2-cycles then what are
the possibilities of order of .

If a,b € G, in a group G, then prove that ab and

ba have the same order.

Let H be a subgroup of a group G such that
g 'hg € H for all g € G and all h € H. Show that
every left coset g H is the same as the right coset
Hy.

Give an example of a finite noncommutative
ring. Give an example of an infinite

noncommutative ring that does not have a unity.

Show that a ring is commutative if it has the

property that ab = ca implies b = ¢ when a # 0.

Show that the set of all 2 x 2 matrices form a

1 0
noncommutative ring with identity (O lj'

Find a nonzero element in a ring that is neither

a zero-divisor nor a unit.

Show that a commutative ring with the
cancellation property (under multiplication) has

no zero-divisors.

(2)



m) Show that every nonzero element of Z,, is a unit
or a zero-divisor.

n) Prove that the intersection of any set of ideals
of a ring is an ideal.

o) Ifanideal / of aring R contains a unit, show that
I=R.

2.  Answer any four questions: 5%x4=20

a) Let G be a non-cyclic abelian group of order 8.
If G has an element of order 4 then find the order
of all elements of G.

b) Let, (G, ) be a group with identity e and
H = {2*:2 € G}. Is H a subgroup of G? If not,
give an example. If G is abelian, then will H be a
subgroup ? 2+3

c) Let R be a ring. The center of R is the set
{x € R:ax =xza for all @ in R} . Prove that the
center of a ring is a subring.

d)  Show that a unit of a ring divides every element
of the ring.

e) Define nilpotent elements in a ring. Prove that
the nilpotent elements of a commutative ring
form a subring.
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f)

3.  Answer any two questions:

a)

b)
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Give an example of a commutative ring that has

a maximal ideal that is not a prime ideal.
10x2=20
1)  State and prove Lagrange's theorem.

11)  Suppose H and K are subgroups of a group
G such that Kk < H < G and suppose [H/K]
and [ G/H] are both finite. then [G/K] is also
finite and [G/K] = [G/H][H/K].

iii) Prove that every group of order p?, where
p 1s prime, is isomorphic to Z,. or Z, x Z,.
3+3+4

1)  If Risacommutative ring with unity and
A is a proper ideal of R, show that R/4 is a

commutative ring with unity.

i1) Let R be a commutative ring with unity.
Suppose that the only ideals of R are {0}
and R. Show that R is a field.

iii) List the distinct elements in the ring
Z[z]/(3,22+1). Show that this ring is a field.
3+3+4
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Let F'be an infinite field and let f(2) € Fz).
If f(a) = 0 for infinitely many elements a
of F, show that () = 0.

If /is an ideal of a ring R, prove that /[x] is
an ideal of R[x].

Give an example of a commutative ring R

with unity and a maximal ideal / of R such

that /[x] is not a maximal ideal of R[x].
3+3+4
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